Using molecular dynamics simulation on a glass-forming liquid in three dimensions, we investigate the thermal vibrational motions, the configuration changes caused by stringlike jump motions, and their close correlations. The heterogeneous vibrational motions are visualized in terms of a vibration length S i (t) defined for each particle i. The structure factor for the inhomogeneity of S i (t) 2 is also calculated, which exhibits considerable long wavelength enhancement. By examining the birth times of strings, they are shown to appear collectively and intermittently. We show that particles with larger S i (t) tend to trigger jump motions more frequently at later times than those with smaller S i (t). We also show that the particles with fewer bonds tend to have larger S i (t) and participate more frequently in the stringlike motions.
I. INTRODUCTION
The slow dynamics in glass-forming liquids has been studied extensively, 1 where the relaxation time τ α and the viscosity η grow dramatically on approaching the glass transition. Considerable attention has also been paid to the lowfrequency vibrational motions in low-temperature glass. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] Numerous calculations of small-amplitude vibrational modes in relatively small systems have shown that the oscillatory particle displacements are highly heterogeneous due to the disordered particle configurations. The frequency distribution of the vibrational modes is related to the thermodynamic properties of low-temperature glass. 1 It is also known that a very small applied strain produces strongly non-affine particle displacements in glass, indicating significant heterogeneity in the elastic moduli on mesoscopic scales. [15] [16] [17] [18] [19] As a dynamical effect, the configuration changes leading to the structural relaxation should occur preferentially in more mobile regions with larger vibrational amplitudes, as pointed out by Schober et al. 3 At low T, they occur as thermally activated processes, where the activation free energy should sensitively depend on the local vibration amplitude. This vibration-assisted structural relaxation was recently confirmed numerically in systems with small particle numbers (∼1000) in two dimensions (2D) 9, 10 and experimentally in quasi-2D colloidal glasses. 13 It was also studied under a fixed small strain at T = 0 numerically in 2D.
14 These papers strongly suggest close correlations between the vibrational heterogeneity and the dynamic heterogeneity. [20] [21] [22] [23] [24] [25] [26] Widmer-Cooper et al. 27 first attempted to detect correlations between the disordered structure and the slow dynamics in 2D using the Debye-Waller factor and the isoconfigurational ensemble. Candelier et al. 28 found close correlations between Debye-Waller maps and cage jumps numerically in 2D. Tanaka et al. including one of the present authors 29 examined the heterogeneity in the bond-orientation order parameter and its influence on the slow dynamics in 3D glassforming liquids. As a similar effect, Tanaka and one of the present authors 30 found that crystal nucleation preferentially occurs in regions with higher crystalline order in 3D colloidal systems.
In 3D fragile systems, stringlike particle motions 3, 24, 25 have been identified as fundamental elements of the structural relaxation at low T. It is then highly nontrivial how the structural disorder and the subsequent string formation are correlated. We shall see that the particles with relatively large vibrational amplitudes tend to trigger string formation, where several surrounding particles with relatively small vibrational amplitudes are involved. The vibrational structure factor S vi (q) is considerably enhanced at long wavelengths, while the bond-breakage one S b (q, t) 21, 22, 31 and the four-point one S 4 (q, t) 25, 26, 32 grow gradually on long timescales eventually exceeding S vi (q).
Shiba and the present authors 31 have recently shown that the four-point correlations 25, 26, 32 defined at two times t 0 and t 0 + t arise from the vibrational heterogeneity and the dynamic heterogeneity with equal weights. Here, the former exhibit complex space-time evolution on short timescales, while the latter emerges very slowly. In this paper, we visualize the vibrational heterogeneity and the subsequent stringlike motions to compare them. To this end, we introduce a time-smoothed vibration length S i (t) around a temporal mean position for each particle i, which represents the vibrational mobility. 33, 34 We use the bond breakage scheme 21, 22, 31 to detect the string formation in the time region t τ α , though it has been used to study the slow dynamics on longer timescales. Note that stringlike motions tend to occur repeatedly in the same fragile regions and their aggregation yields fully developed dynamic heterogeneity on long timescales, which has been found in 2D 21, 35 and in 3D. 23 We need to demonstrate the correlations between the disordered structure and the slow dynamics quantitatively. To this end, we calculate the conditional probability for the particles with S i (t 0 ) > λ to participate in stringlike motions in a time interval [t 0 , t 0 + t]. This probability increases with increasing the lower bound λ for large t. We are also interested in the conditional probability of string motions for the particles with their initial bond (coordination) number n b i (t 0 ) equal to a given n b . Its dependence on n b indicates that the particles with fewer bonds (smaller n b ) tend to undergo stringlike motions more frequently. 34 This paper is organized as follows. In Sec. II, our simulation method is explained. In Sec. III, the bond-breakage theory is briefly summarized. In Sec. IV, we examine the vibrational heterogeneity in terms of the vibration length S i (t) and the dynamic heterogeneity in the bond breakage scheme. We calculate some conditional distribution functions to demonstrate their correlations. In the Appendix, we examine the vibrational modes at low T, making a comment on the isoconfigurational ensemble.
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II. NUMERICAL METHOD
In this paper we show results of molecular dynamics simulation of binary mixtures composed of two species, 1 and 2, in 3D at low T. We impose the periodic boundary condition without applying shear flow. The composition is c = N 2 / (N 1 + N 2 ) = 0.5 and the total particle number is N = N 1 + N 2 = 10 4 . The two species have different diameters σ 1 and σ 2 with σ 2 /σ 1 = 1.2. The particles interact via the soft-core potential,
where α and β represent the particle species (α, β = 1, 2), r is the particle distance, and is the characteristic interaction energy. The interaction lengths are defined by
The potential vanishes for r > r cut = 3σ αβ . The constants C αβ ensure the continuity of the potential at r = r cut . The masses of the two species satisfy m 2 /m 1 = (σ 2 /σ 1 ) 3 . The average density is given by n = N/V = 0.8/σ 3 1 as in our previous papers, 22, 23, 31 where V is the system volume. The system length is L = V 1/3 = 23.2σ 1 . Space and time are measured in units of σ 1 and
The temperature T is measured in units of /k B , which is mostly chosen to be 0.24 except in Fig. 3 , where results for T = 0.20 will be shown. We started from a liquid state at a high temperature, quenched the system to a final low temperature, and waited for a long time of order 10 5 . We imposed a Nose-Hoover thermostat in these steps. However, after this preparation of initial states, we removed the thermostat and integrated the Newton equations under the periodic boundary condition in the time range t > 0. Thus, the particle numbers, the total volume, and the total energy are conserved in our simulation (the NV E ensemble). At T = 0.24, the simulation time was 5 × 10 5 for each run and data were taken in the time range 5 × 10 4 < t < 5 × 10 5 , during which any appreciable aging effect was not detected in various quantities such as the average potential energy and the self part of the density correlation function F s (q, t) defined in Eq. (3.10) below. For T = 0.20, there were considerable aging effects, however.
In this paper, . . . denotes the average over the initial time t 0 of time interval [t 0 , t 0 + t] and over several simulation runs. We may then obtain accurate results for averaging quantities involving two separated times.
III. BOND BREAKAGE
We analyze the configuration changes or the irreversible rearrangements in the bond breakage scheme. 21, 22, 31 At an initial time t = t 0 , two particles i ∈ α and j ∈ β (α, β = 1, 2) are treated to be bonded if
Hereafter, r ij (t) = |r i (t) − r j (t)| is the distance between these particles at time t. At a later time t = t 1 > t 0 , this bond is treated to be broken if
Here, A 1 σ αβ are slightly larger than the first peak distances of the pair correlation functions g αβ (r) and A 2 is somewhat larger than A 1 . In this paper, we set A 1 = 1.3 and A 2 = 1.7. It is worth noting that our definition of bonds is essentially the same as that of the coordination numbers due to Vollmayr-Lee et al. 34 Let n b i (t 0 ) be the bond number of particle i at time t 0 . The fractions of the particles of the species α with n b bonds are written as
where δ nm is the Kronecker delta being equal to 1 for n = m and 0 otherwise. They satisfy n b p 1 (n b ) = 1 − c and time t 0 + t. The fraction of the surviving bonds after time t is given by
The bond breakage time τ b is determined from 21, 22 
We may introduce the broken bond number for each particle i in terms of A 1 and A 2 as
where θ (u) is the step function being zero for u ≤ 0 and 1 for u > 0. The particles with B i (t 0 , t 1 ) > 0 will be called B particles, which are surrounded by different particle configurations at the initial and final times t = t 0 and t 1 . The B particles may be divided into those participating in stringlike motions and those surrounding strings, where the former have undergone large displacements. 36 Thus we pick up the B particles with large displacement
where m is a minimum jump length and r i = r i (t 0 , t 1 )
. These particles are called BL particles. Their broken bond numbers are written as
In this paper, we set m = 0.8. A small change of its value does not essentially change our conclusions.
36
Now we consider the average fractions of the numbers of the B and BL particles given by
where
is the fraction of the particles with broken bonds, while φ > b (t) is that of the particles with broken bonds and large displacements. We may call φ > b (t) the string fraction also. In our previous paper, 31 we have also introduced a bond-preserving time τ bp by 11) which is the timescale of each particle to have a broken bond. In (t) due to the large bond (coordination) numbers. We also notice that φ > b (t) is nearly linear in t for t 10 3 and is proportional to t 0.76 for larger t. This linear time-dependence arises because the string formation is governed by the activated dynamics in this case. 36 We also plot 1 − F b (t) and 1 − F s (t), where F s (t) is the self part of the density time-correlation function, where q = |q| = 2π and r j (t 0 , t 1 ) = r j (t 1 ) − r j (t 0 ). The relaxation time τ α is defined by F s (q, τ α ) = e −1 . Here, τ α = 1.1 × 10 5 and τ b = 2.7 × 10 5 at T = 0.24.
IV. THERMAL VIBRATIONAL MOTIONS A. Time-smoothed vibration length S i (t)
We next examine the particle motions due to the lowfrequency vibrational modes. Barrat et al. 18 showed that the classical linear elasticity theory is applicable even in glass for small-amplitude modes at long wavelengths in sufficiently large systems. Then the lowest vibrational frequency ω 0 under the periodic boundary condition is estimated by
where L (= 23.2 here) is the system length and c ⊥ is the transverse sound velocity. For T = 0.24, we have c ⊥ ∼ = 2.1σ 1 /τ 0 so that ω 0 ∼ = 0.091(2π /τ 0 ). Let us consider a time interval [t 0 − t, t 0 ], where the width t is much shorter than the bond-preserving time τ bp in Eq. (3.11) . In this time interval, the number of the configuration changes is very small for each particle. We thus define the temporal mean particle positionr i (t 0 ) and the displacement vector u i (t) bȳ
Since u i (t) is rapidly oscillating in time, we introduce the time-smoothed vibration length S i (t 0 ) by
We may define S i (t) as a time-dependent variable for each particle i. In this paper, we set t = 100 (except in Figs. 3(a) and 3(c)), which satisfies as d i in their notation) as a time-independent variable below the glass transition. The quantity S i is essentially the same as the Debye-Waller factor. See the Appendix for more discussions on S i . In our case, the average of S i (t 0 ) 2 over all the particles is independent of t 0 and t and is written as Its T dependence is known to be as follows: 33, 34 S 2 is proportional to T in the harmonic regime T T h and increases more strongly in the anharmonic regime T T h . In our case, we find T h ∼ 0.20. It is also a half of the plateau value of the mean square displacement. 31 In Fig. 3 , we plot typical time-evolution of S i (t) for three particles setting t = 40 and 100 for T = 0.24 and 0.20. The depicted time interval is [t 0 , t 0 + 500], during which these particles acquire no broken bonds (with B i = 0 held fixed). However, even for t = 100, there still remain considerable temporal variations. This time dependence should mainly arise from the anharmonic coupling among the vibrational modes. For higher T, stringlike motions close to r i (t) cause considerable changes in u i (t). This string-induced time variations are not important in Fig. 3 , where the BL particles in the total system are increased by 80 for T = 0.24 and are negligible for T = 0.20 in a time interval of 500.
B. Vibrational heterogeneity and subsequent stringlike motions
Now we visualize the heterogeneity of S i . In Fig. 4(a) , we display only the particles with S i (t 0 ) > 0.16 at a time t 0 for T = 0.24. These particles constitute 12.1% of the total particles, while those with S i (t 0 ) > 0.2 amount to 2.7% only. In Fig. 4(b) , after a time t 1 − t 0 = 10 4 , we display only the BL particles composing strings in the same run. The jump times t jump i of these particles are determined to be in one of ten time intervals [t k , t k + 1 ] with t k = t 0 + k × 10 3 (0 ≤ k ≤ 9) using the criterion |r i (t k ) − r i (t k+1 )| > 0.8. For the particles with two separate jumps, the later time is chosen in Fig. 4(b) . Thus, clusters with different colors have different jump or birth times even if they are placed adjacently. Here, we can see intermittency of the string formation. We recognize that the vibrational heterogeneity in Fig. 4(a) and the subsequent stringlike motions in Fig. 4(b) are closely correlated. In addition, displayed in Fig. 4 to 218 (93). See Subsection IV F and Fig. 11 for further discussions on this point.
In Fig. 4 , we also show the displacement vectors by arrows on the particles, but these arrows are mostly hidden by the other particles. Thus, in Fig. 5 , we display only the displacement vectors of the BL particles using the same data, where the particles with large displacements have multiple broken bonds. Similar snapshots of chains of largely moved particles were already presented by Yamamoto and one of the present authors. Fig. 4(a) , we can see time-evolution of the spatial distribution of S i (t). The vibrational heterogeneity locally changes rather rapidly in regions of relatively large S i . However, the life time of the overall patterns is very long on the order of τ b ∼ = 2.7 × 10 5 .
TABLE I. Numbers of particles with S i (t 0 ) > λ and S i (t 1 ) > λ with λ = 0.16 or 0.20 in the same run, where t 1 − t 0 = 10 2 , 10 3 , 10 4 , 5 × 10 4 , 10 5 , and 2 × 10 5 . The initial particle numbers with S i (t 0 ) > λ is 1207 for λ = 0.16 and 274 for λ = 0.20 in Fig. 4(a) . See Fig. 6 for the subsequent particle configurations at the later four times. In Table I , we show the numbers of the particles with both S i (t 0 ) and S i (t 1 ) being larger than 0.16 or 0.20 in the run leading to Figs. 4-6 , where t − t 0 = 10 2 , 10 3 , 10 4 , 5 × 10 4 , 10 5 , and 2 × 10 5 . Here, the initial particle number with S i (t 0 ) > 0.16 is 1207 and that with S i (t 0 ) > 0.20 is 274. Only one third of these initially mobile particles stay in the same group for t 1 − t 0 = 100 − 1000, while the number of the common particles decreases slowly on much longer timescales. The values of S i (t) mostly fluctuate on rather rapid timescales, but these temporal variations do not change the mesoscopic vibrational patterns. This is consistent with a similar observation by Berthier and Jack. 37 See Subsection IV F for more discussions.
C. Vibrational and bond breakage structure factors
With the visualized heterogeneity in Figs. 4(a) and 6, we are now interested in the structure factor S vi (q) for the vibration amplitude. In terms ofr j (t 0 ) in Eq. (4.2) and S j (t 0 ) 2 in Eq. (4.4), we introduce the Fourier component,
As a comparison, we also define the structure factor S b (q, t) for the broken bond number B j (t 0 , t 1 ) in Eq. (3.6). In terms
T =0.24, Fig. 7(a) . Arrows are displacement vectors r i (t, t + 10 4 ). These four snapshots are taken consecutively in the same run, indicating slow time-evolution of the mesoscopic vibrational heterogeneity. 
which is enhanced at small q with lowering T due to the dynamic heterogeneity. 21, 22 In Eqs. (4.7) and (4.8) the average is taken over t 0 .
In Fig. 7(a) , we display S vi (q) for T = 0.24. We also calculated S vi (q) using the real positions r j (t 0 ) instead of the time-smoothed positionsr j (t 0 ) in Eq. (4.6), but we found virtually no difference in the range q < 3. It may fairly be fitted to the Ornstein-Zernike form as S vi (q) ∝ 1/(1 + q 2 ξ 2 vi ), leading to ξ vi = 1.5. In Fig. 7(b) , we display S b (q, t) at t = 10 4 and 2 × 10 4 for T = 0.24, where the small-q enhancement of S b (q, t) is stronger than that of S vi (q). The Ornstein-Zernike fitting
2 ) yields ξ b = 2.7 and 4.5 for these times. This is because the fraction of relatively mobile particles (say, those with S i (t 0 ) > 0.16)) is considerably smaller than that of the B particles. These two structure factors are close at long wavelengths for t ∼ 2000. In the same simulation conditions as in this paper, 23 string aggregation was conspicuous resulting in ξ b ∼ 20 (∼L) for t ∼ τ α at T = 0.267.
D. Distribution functions of S i (t)
We consider the statistical distribution of S i (t). The contributions from the small and large particles are introduced separately as
where α = 1 or 2. The distribution of S i (t) over all the particles is their sum,
In Fig. 8(a) , we plot P 1 (S) and P 2 (S). They are close for S 1.2 being nearly zero for S 0.8 and peaked at S ∼ 0.1. However, P 1 (S) is considerably larger than P 2 (S) for S 0.2. For example, = 0.00535. This means that a majority of largely mobile particles are small ones.
Vollmayr-Lee et al. 34 found that relatively mobile particles with larger S i tend to be surrounded by fewer neighbors than the others for a 20:80 Lennard-Jones mixture below the glass transition. For example, the mean coordination number was about 8.55 among the small particles and was around 8.3 among the mobile small particles (with the 5% largest S i ), where these mean numbers were rather insensitive to T. To examine this aspect in our scheme, we consider the contribution to P 1 (S) from the particles with their initial bond number n b i (t 0 ) being equal to n b . It is expressed as
Then, from Eqs. (3.3) and (4.8), we find the sum relations,
12)
In Fig. 8(b) , we display P 1 (S, n b ) for n b = 9, 10, 11, and 12.
We can see that the curves of smaller n b are more enhanced in the relatively large S 0.2, which is consistent with the finding of Vollmayr-Lee et al. 
E. Long-time evolution of conditional probabilities
We examine how the particles with relatively large S i (t 0 ) or with different initial n b i (t 0 ) undergo jump motions at later times. To this end, we first introduce the following conditional distribution function, 14) where t = t 1 − t 0 and the summation is over the BL particles. From Eq. (3.10), it follows the sum relation, 16) where t = t 1 − t 0 . The following is the surviving fraction of the particles not undergoing stringlike motions:
In Fig. 10(a) , this fraction decays more rapidly for larger λ.
In addition, we also consider the particles of the first species with n b i (t 0 ) = n b and B > i (t 0 , t 0 + t) = 0, whose total 
. Fig. 10(b) , we plot φ b s (t, n b ) for n b = 9, 10, 11, and 12. The curves surely increase with increasing n b .
F. Composition of mobile particles within strings
We should also examine what fraction of the BL particles satisfy S i (t 0 ) > λ in a time interval [t 0 , t 0 + t]. This fraction is the integral of P > b (S, t) in Eq. (4.14) in the region S > λ, so it is written as We recognize that the fraction of relatively immobile particles in strings is several times larger than that of relatively mobile particles. Thus mobile particles play the role of triggering stringlike motions. This aspect is apparent in Fig. 7 . We also note that a majority of the particles are fluctuating between these two groups on rather short timescales due to the anharmonic coupling, as indicated by Table I .
V. SUMMARY AND REMARKS
In summary, we have studied the thermal vibrational motions and the bond breakage taking place as strings, which are closely correlated. Simulations have been performed on a high-density binary mixture at low T, where the particles interact via the soft-core potential (2.1) with the size ratio σ 2 /σ 1 = 1.2. The total particle number N is 10 4 and the density n is 0.8σ In Sec. IV, we have examined the thermal vibrational heterogeneity using the vibration length S i (t) in Eq. (4.4), which is a time-smoothed variable with t = 100. However, it exhibits significant temporal variations due to the anharmonic interaction, but some particles keep relatively large S i (t) on long timescales. The mesoscopic patterns of S i (t) slowly evolves on the timescale of the bond-breakage time τ b . These aspects are indicated by Table I and Figs. 4(a) and 6. The structure factor of the normalized deviation S i (t) 2 / S 2 − 1 is given in Fig. 5 , whose long-wavelength enhancement is weaker than that of the bond-breakage structure factor S b (q, t) for t 2000. The number of the particles with relatively large S i / S is small as in Fig. 8 , but they trigger subsequent bond breakage or string formation as in Figs. 4(a) and 5 . This has been shown in the long-time behaviors of the conditional distribution P > b (S, t) in Fig. 9 and the the surviving fraction φ vi s (t) in Fig. 10(a) . Furthermore, a large fraction of the BL particles in time interval [t 0 , t 1 ] are immobile at the initial time t 0 as shown in Fig. 11 . The role of mobile particles is thus to trigger stringlike motions.
In Sec. IV, we have also examined the conditional probabilities with the initial bond number n b i (t 0 ) equal to n b . One is the one-time distribution P 1 (S, n b ) for S i (t 0 ) and n b i (t 0 ) in Fig. 8(b) . The other is the two-time surviving fraction φ b s (t, n b ) for n b = 9, 10, 11, and 12 in Fig. 11 . They show that there are close correlations between S i (t 0 ) and n b i (t 0 ) and between the string formation and n b i (t 0 ). We further give some remarks in the following:
(1) We have found significant time evolution of S i (t) for T = 0.24 and 0.20 in Fig. 3 . We should examine how the vibrational heterogeneity evolves due to the anharmonic interaction and the configuration changes for various T. (2) We have observed the vibrational heterogeneity in
Figs. 4 and 6 and in the structure factor in Fig. 7(a) . It is then of great interest how it depends on the parameters such as the size ratio σ 2 /σ 1 and the composition c. The relations between the vibrational motions and the slow dynamics should also be investigated in polycrystal. 38, 39 (3) From Fig. 8(a) , a majority of relatively mobile particles are small ones even for the mild size ratio 1.2. In another paper, we have recently shown that a majority of the BL particles (those composing strings) are also small ones.
